I. INTRODUCTION

A. Nonlocal rheology
Gravity-driven particulate flows are not only a central issue in many geophysical processes but also of great concern in a variety of technological domains involving chemical, pharmaceutical, food, metallurgical, or construction industries. The crucial difficulty to overcome to bring a coherent and useful conceptual vision of these flows still lies in a poor understanding of the passage between flow and blockade. In earth processes, these questions pertain as a missing piece necessary to provide a full understanding in many situations such as dune migration [1] , landslides [2] [3] [4] , snow avalanches [5] , underwater gravity currents [6] , and coastal geomorphology [7, 8] , which also are encumbered with many unresolved questions around the mechanics of the dense solid fraction motion and its possible mobilization by a particulate flow.
A first step towards a quantitative description of dense granular flows was achieved after a comprehensive survey of granular flows in a variety of experimental settings and conditions performed by various groups was conducted [9] . This article has popularized the so-called "local" constitutive relation of dense granular flows, first introduced by Refs. [10, 11] , which is based on dimensional analysis. In a homogeneous shear flow, both the volume fraction φ and the ratio of the shear stress τ to the normal stress P , a ratio which can be interpreted as an effective friction coefficient, are functions of a single dimensionless parameter, the inertial number I [9] . Denoting the shear rate byγ , the density by ρ, and the mean grain diameter by d, the inertial number compares the mean shear rate to a reorganization time controlled by P :
Equivalently the squared inertial number I 2 compares the inertial stress ργ 2 d 2 to the confining pressure P . This local rheology τ/P = μ(I ) provides a quantitative framework of dense flows, far enough from jamming. The scalar rheology has * Present address: LIONS CEA, Saclay, France.
been extended to a tensorial form by Ref. [12] and successfully tested on a granular flow confined between rigid walls, away from jamming conditions. Nonlocality refers to any deviation to a local constitutive law τ/P = μ(I ). For instance, the kinetic theory, valid for dilute, rapid granular flows, is nonlocal since it introduces mean squared velocity fluctuations (the so-called granular temperature) as an independent field controlling the stress tensor [13] .
In the case of dense granular flows, it was first proposed that nonlocality results from the distant transmission of momentum through "force chains" [14] [15] [16] . To take into account the observation that nonlocality is enhanced in the vicinity of jamming, other mechanisms have recently been proposed, based either on mechanical activation of plastic events [17] [18] [19] [20] [21] or on the contact network topology [22] . Different models, not prejudging any microscopic mechanisms, were proposed to capture macroscopically the nonlocal effects [23] [24] [25] [26] [27] [28] [29] . Independently of the nature of the dynamical mechanism underlying nonlocality, the existence of a "dynamic" phase transition between a fluid state and a solid state, where the word "dynamic" refers here to the fact that structural symmetries do not change across the transition, allows one to formulate Ginzburg-Landau models for the rheology. The three models proposed so far differ by the choice of the order parameter and of the control parameter. In the partial fluidization theory [23, 25] , the control parameter is the stress ratio τ/P , and the order parameter characterizes the relative fraction of solid-like behavior and liquid-like behavior in the rheology. In the fluidity theory [26, 27] , the control parameter is also τ/P , and the order parameter, called the fluidity, is defined as the ratio of the shear rateγ to the stress ratio τ/P . The third theory [29] is based on a [30] gradient expansion of the rheology with respect to the inertial number I . Contrarily to the two others, it does not consider the shear stress as a state parameter. The present article takes a step aside with respect to this series of articles to underline the differences between the nonlocal behavior of rough sand grains and of smooth glass beads.
B. Flow on an inclined plane
Experiments of smooth, nearly spherical beads have been widely used to extract the rheology of sheared granular assemblies in the inclined plane geometry [9] . An inclined plane can be considered as a rheometric device where the ratio of the shear stress to the normal stress τ/P = tan(θ ) is fixed everywhere in the bulk of the flow. In this situation, the local rheology predicts that the inertial number I is selected by the plane angle θ according to the relation μ(I ) = tan θ . One immediately deduces a velocity profile of the form
called Bagnold's profile. Numerical simulations using ideal grains have evidenced deviations from this law close to the free surface and close to the bottom. These deviations become dominant when approaching, for a given inclination angle θ , the stopping height h stop (θ ). Linear or even sublinear profiles have then been observed. Experimentally it is difficult to access the velocity profile in the bulk. Previous experiments have therefore focused on the mean flow velocity u and on the surface velocity u s . A local rheology would lead to the following relations:
Deviations from a local rheology can therefore be quantified from the measurement of u and u s . One of the most obvious deviations with respect to the local prediction is the existence of a height h stop (θ ) below which homogeneous flows eventually stop. Indeed, the local rheology does not contain any length scale that could prescribe h stop (θ ). Pioneering experiments have suggested that the Froude number u/ √ gh could be a function of the rescaled flow thickness h/ h stop (θ ). This property is a priori hardly consistent with a local rheology. However, it is observed that h stop (θ ) diverges as 1/(tan θ − μ c ) and that I = μ −1 (tan θ ) vanishes as tan θ − μ c . For a slope close enough to μ c , the local rheology is therefore consistent with the phenomenological flow rule:
Experimentally, this relation is observe to hold for glass spheres, of rather well-defined shape and diameter [9, 31] . However, there are many situations where such a flow rule breaks, for example, for nonspherical grains [9, 24, [32] [33] [34] or very close to the jamming onset [35] . Therefore, a central question is the possible emergence of a nonlocal constitutive relation.
In this article, we will extensively use these elementary predictions of the local rheology to analyze the flow of irregular grains (e.g., rough sand), where significant deviation from the "linear" flow rule [Eq. (3)] was identified [9, 24, [32] [33] [34] . The paper is organized as follows. First, using three different methods, we establish the existence of a jammed layer below a steady avalanching granular flow. We then revisit the flow rule taking into account this result. Thereafter we pursue our exploration of erosion and deposition processes by studying systematically the dynamics and selection mechanisms of solitary waves [30, 32, 36, 37] moving without changing shape on a granular deposit. , we display a picture and the probability density function (p.d.f.) of the grain size (probability over a sample of approximatively 1000 grains), the red curve is a log normal fit centered around d = 312(±60) μ,. (c) The "raw" flow rule derived from the avalanche front velocity, namely the Froude numberū/ √ (gh) as a function of the rescaled avalanche height h/ h stop . The corresponding incline angles are displayed in the legend. In the inset, we display a schematics of the experimental setup used to obtain the flow rule.
II. FULLY DEVELOPED FLOW OF ROUGH SAND ON A PLANE
A. Flow rule
Systems involving irregular grains (e.g., rough sand) show substantial deviations from the flow rule (3) [9, 24, 30, 32, 34] . Here we use Fontainebleau sand of a rather narrow size distribution around d = 312 ± 60 μm; see inset of Fig. 1(a) . The grains are significantly different from the regular spherical grains usually used in granular experiments [9, 31] : in particular, their shape is rough and faceted. The experimental inclined plane is similar to that used by Daerr and Douady [38] , with a velvet cloth coating. This system displays a rather wide bistability (hysteretic) domain between the curve h stop (θ ), To derive the sand rheology, systematic experiments were performed by changing the inclined plane angle and the grain flow rate, controlled by the trap aperture. The grain thickness is measured using an inclined laser sheet intersecting the surface, recorded with a video camera (200 images/s). The same images are intercorrelated to extract the surface velocity. The mean flow velocity u is determined by monitoring the granular front velocity when it passes in front of the camera. The flow rule hence obtained [ Fig. 1(c) ] shows that within error bars the data points collapse onto a linear master curve, as obtained for most materials. However, contrarily to the case of glass beads, this line does not go through origin. The velocity rather vanishes at h = h stop . Moreover, we do not observe as in the flow rule established by Deboeuf et al. for glass spheres [35] a crossover between a local rheology at large h and a continuous decrease down to h = h stop . It is worth noting that we could not decrease h/ h stop below 1.8.
We have measured the ratio of the average velocity u by the surface velocity u s , which provides a quantitative characteristic of the velocity profile. For a steady flow obeying a local rheology, we recall thatū/u s = 3/5. For a plug flow one getsū/u s = 1 and for a linear profile,ū/u s = 1/2. In Fig. 2 we report this ratio as a function of the flow height h rescaled by h stop . We observe an increase ofū/u s from 0.5 to 0.8 when h/ h stop is increased from 1.8 to 4. This is hardly consistent with a local rheology, even at large h.
B. Evidence for a jammed layer
The previous experimental results seem to indicate that for the sand grains we use, we are quite far from the results obtained with glass beads. An important issue is now to figure out whether an essential hypothesis concerning the existence of a fully developed flow of grains holds in this case: is there a jammed layer below the flowing layer?
To investigate this issue, we have used two independent measurement techniques. In both, we have worked as close as possible to steady flow conditions. The constant flow rate is controlled by the opening of the reservoir. The experimental duration of the continuous flow is determined by the limited amount of sand used and is between 50 and 500 s. For the first experiment, a sooted blade was inserted in the flow which induced an erosion of the soot limited to the upper granular layers. After the end of flow, the blade is removed and photographed. Analyzing the image, a sharp transition between eroded and noneroded parts of the sooted blade is clearly visible. Note that we took an explicit care to vary, at a given flow rate, the experimental duration of the flow, and we noticed that in the accessible range of flow durations, the transition height was systematically well defined.
The second set of experiments consist in preparing at a constant angle a deposit of thickness h stop (θ ). Afterwards, at a downhill distance of about 2/3 of the plane length, we dig down to the bottom a trench spanning about 10 cm across and 2 cm along the slope. Then we reconstruct the initial deposit by pouring grains of different colors, layer by layer. Once the trench is filled, the sand flow is started again at a constant flow rate. Thereafter, after submitted to a continuous sand flow, the remaining height of static grains is determined. Both measurement techniques consistently show the presence of a jammed layer (see inset of Fig. 3) , at least for an experimental duration of continuous flow between 50 s and 500 s. Note that quasistatic or creeping layers were observed already in many other experiments (see, e.g., Refs. [12, [39] [40] [41] ), but they result from friction on lateral boundaries. The creeping zone is observed in a region below the Coulomb criterion. In the present situation, the stress ratio τ/P is homogeneous. The static layer comes from the interplay between the rough bottom boundary and possibly the highly irregular shape of the grains. Indeed, in our experiments the avalanche plane had a width about 1200 times the grain diameter d, and the resulting granular flows had a maximal height of about 20 d. The jammed layer is between 3d to 8d. Therefore, we can neglect the lateral boundary effects as a pertinent mechanism inducing a jammed layer [12, 39, 41] . Within experimental uncertainties, the static layer thickness is well described by a linear relation of the form Z = 0.63 h stop .
C. Sand on sand antidunes
The presence of a static layer induced by the rough bottom is confirmed by the direct observation of stationary structures below the surface, associated with a modulation of the static layer. We explicitly checked that this phenomenon was not present with round glass beads. To visualize the structures, when the flow height is not too large, we took snapshots of the surface with a time exposure of the order of 1 s. The flowing layer is then blurred, and one clearly distinguishes the modulation by a shadowing effect (see inset of Fig. 4) . Using these images, we have computed correlations of the gray-scale profiles along the flow direction and perpendicular to it, and we determined the mean periodicity. The structure wavelength turns out to decrease with the inclination angle (Fig. 4) . We do not have any definite explanation for these bed forms that emerge from the erosion and deposition process at work at the interface between the jammed layer and the upper flow. Imagining that there is an analogy with bed forms emerging under the action of a permanent flow, these structures would be antidunes. Indeed, the Froude number is larger than one. This means that gravity effects are lower than inertial effects, allowing for significant modulation of the surface; at a vanishing Froude number, gravity is so important that the free surface must be flat. Like antidunes [42, 43] , the observed Fig. 1(c) ]. The full line is the best fit of the equation y = 0.82x. We took R = h − Z with Z = 0.63 h stop (θ) (see Fig. 3 ).
structures do not visibly propagate over a time comparable to that over which they form. If correct, the analogy would suggest that these structures form by the resonance of surface standing waves excited by the modulation of the static layer.
D. Flow rule revisited
Using mass conservation and the fact that grains do not flow in a static layer of thickness Z, the velocity averaged over the flowing layer readsv
Revisiting the flow rule by taking into account the actual flowing layer yields a different relation, consistent with
with β = 0.74 ± 0.02 (see Fig. 5 ). The linear flow rule is now quite similar to the one found for glass beads down to R/ h stop 1.25 as it seems to pass through zero. Note that in this case, the ratio R/ h stop does not need to be larger than one.
To pursue the test of locality, we also measured the ratiō v/u s between the velocityv, averaged over the flow thickness, and the surface velocity. It is plotted in Fig. 6 as a function of R/ h stop (θ ). Within experimental uncertainties, the ratiov/u s is around r = 0.87(±0.05), which is significantly larger than the value predicted by the local rheology. The velocity profile is therefore more homogeneous than predicted by Bagnold's profile. This could possibly be the signature of a shear band separating a quasiplug flow from the static sublayer.
To go beyond these measurements, one would need the full velocity profile in the bulk of the flow, which is not accessible for such an experiment. In any case our results bring a clear challenging question open for further numerical simulations and theoretical modeling of avalanche flows of rough grains. 3 ). This gives a good estimation of uncertainties.
III. EROSION DEPOSITION WAVES OVER AN ERODIBLE SANDY LAYER
The propagation of avalanches on an erodible layer of grains has already been investigated experimentally for glass beads [30, 32, 34, 38, 44] and sand [30, 32, 36, 37] . A particularly interesting family of such avalanches are solitary waves that propagate without changing shape (and mass) [30, 33, 36, 37] . The shape of erosion and deposition avalanches has already been shown to depend very sensitively on the nature of granular particles [30] . In the present situation following Refs. [36, 37] , we are interested in solitary avalanches, homogeneous in the lateral direction (besides boundary effects) [36, 37] . It is a priori different from the situation studied by Borzsonyi et al. [30, 33] , which features localized three-dimensional avalanches. In order to investigate the dynamics of the interface separating the flowing layer from the static sublayer, we have performed systematic experiments of such "2D" solitary erosion and deposition waves, which propagate, by definition, on a layer of thickness h stop (θ ). To initiate the avalanche fronts, we designed a "bulldozer" technique where a plate perpendicular to the avalanche track scrapes the sediment at a constant velocity V p over a distance L p (see Fig. 7 ) on a layer previously prepared at h stop (θ ) by flowing sand grains continuously for some time and then stopping suddenly the flow.
A. Experimental preparation of a solitary waves
Solitary waves present an asymmetric "shark-teeth" shape. They are transversally unstable above 33
• , and a fingering pattern grows [36, 37, 45] . The analysis presented here is therefore limited to the range of angles for which they are stable. Their velocity V a is rapidly selected and is on the order of √ gd 5 cm/s. Figure 7 (a) shows a typical spacetime diagram extracted from a movie of the avalanche at 125 images/s. It is produced by adding sequentially the same pixel line cut along the direction of the flow x. We notice that very rapidly the avalanche velocity becomes constant. The plate velocity has little influence on the avalanche shape [ Fig. 7(a) ] and on its final velocity V a . In the majority of the experiments, we therefore kept this parameter at a typical value of √ gd/3. On the other hand, the scraping length changes the mass of grains trapped in the body of the avalanche. Figure 7(b) shows that the shape varies with L P . The tail of the solitary wave becomes larger and relaxes back to h stop more slowly when L p increases. When the amount of grains set initially into motion is too large, the avalanche splits into two (or more) pieces.
Note that it is not possible to deduce the mass of moving grains from the sole measurement of the avalanche profiles. Its dependence with the mass per unit length of scrapped grains m = ρL P h stop (the effective density is around ρ = 1600 kg/m 3 ) is a priori a difficult issue since we need to know the jammed layer position below the avalanche. To get a direct information on this quantity, we have collected at the edge of the plane, in a vessel of fixed width W , the moving mass of grains. The area of rolling grains trapped in the avalanche is deduced as S = M/(ρW ). As shown in Fig. 8 this quantity is nicely related to the avalanche velocity V a (while L P is not). For different scrapping lengths (at constant angle θ ), the velocity is an increasing function of S.
B. Dynamics of the solitary erosion and deposition waves
We now use transversally homogeneous solitary waves to get insight into the dynamics of erosion and deposition processes. First, we test to which extend the measured velocities and the shape profiles correspond to a situation where inertia is important. To this purpose, we estimate the magnitude of the different terms involved in the momentum equation of Navier-Stokes. The grain velocity magnitude are typically on the order of √ gd. The heights h or R can roughly be estimated around 5d, which yields a typical value for the flow rate ≈5 √ gdd. In the frontal part of the avalanche ∂ x ≈ 1/10d and in the rear part ∂ x ≈ 1/1000d. The flow is in a steady state in the frame of reference of the avalanche. The acceleration is therefore negligible. The inertial transport of momentum is around g/10 at the front and g/1000 in the rear. The shear stress is set by the basal friction at the bottom of the flowing layer and vanishes at the surface. The shear stress gradient is therefore around g. Inertia can therefore be neglected and the lubrication approximation applied. The pressure gradient is controlled by the free surface slope and is on the order of ρg at the front and ρg/100 in the rear part, which can be considered as "locally homogeneous."
The analysis of the surface velocity and the corresponding avalanche profile exhibit three distinct regions (Fig. 9) : the front, where the pressure gradient is important (−300 < x/d < 0), the avalanche core (−1600 < x/d < −300), for which height and velocity are related, and finally a tail region, −2100 < x/d < −1600, where h ≈ h stop is reached and only about one layer of grains is still rolling on the surface. The different regions really manifest themselves quantitatively in Fig. 10 showing F r vs h/ h stop . The core (in thick line) lies in a linear continuation of the points obtained using the full avalanche measurements. It starts when h/ h stop ≈ 1 up to a crossover region where F r(h/ h stop ) decreases. Quantitatively, the separation between the core and the front is chosen at the maximum of the Froude number. The tail corresponds to the region where the Froude number decreases rapidly for h/ h stop ≈ 1. The tail is defined as the zone were the rolling grains do not cover the whole surface any more. The flow ceases to be homogeneous along the transverse direction, and we observe for this h/ h stop ≈ 1 condition patches of flowing grains becoming less and less frequent as the avalanche passes by. This reveals a very fragile state characterizing the transition between a liquid and a solid. These are general and robust features of such an erosion-deposition wave. The shark-teeth profile bears a striking similarity with the 3D localized avalanche shape studied by Borzonyi et al. [30, 32] for rough grains (when the profiles are cut in their symmetry plane). For example, it appears that in both cases the velocity front slightly leads the height front.
Interestingly, in spite of the fact that inertial effects can be neglected for the average flow, the stoppage conditions are nontrivial. Like for stationary homogeneous flows, it is interesting to plot the Froude number u s / √ gd, based on the surface velocity u s measured along the solitary wave, as a function of the rescaled height h/ h stop . The arrows indicate the displacement of the avalanche from front to tail. When h approaches h stop the mean surface velocity remains finite in the avalanche core and drops suddenly in the tail (see Fig. 9 ). This behavior corresponds to a progressive trapping of the rolling grains on the surface. Note that the time scale needed for the flow to stop is quite large with respect to the "natural" trapping time (g/d) 1/2 . In Fig. 10 we report the flow rule both for the steady uniform flows and for the solitary waves. For uniform flow, the mean flow velocityū has been changed in surface velocity by using the relation obtained for Fig. 2 : u/u s 0.26 + 0.14 h/ h stop . From this figure we see that the core of solitary waves obeys the same flow rule as steady state flows: the solitary wave dynamics allows one to extend the investigation of the erosion and deposition processes down to h = 1.1 h stop .
IV. SUMMARY AND PERSPECTIVES
In this paper we have focused on the rheological properties of a dense flow of sandy material flowing on a avalanche plane with a rough substrate. We specifically studied the erosion and deposition processes associated to the fully developed steady flow and to the dynamics of transversally stable solitary waves. In the first part, we established a relation between the Froude number and the ratio between the layer height and the stopping height. We evidence a grouping of the data for different fluxes and different flowing angles. However, this flow rule is quite different from the one put forward with well-characterized round grains: it is a linear relation that does not go through zero. This result seems to be the hallmark of many avalanche experiments using rough grains, which are found to deviate significantly from what is observed for spherical grains [9, 24, [32] [33] [34] , which, like numerical simulations, are closer to the ideal. In this case, using two different experimental techniques, we evidence a jammed layer forming below the flowing part, allowing us to reformulate the flow rule using the flowing layer height only. This result should be put in perspective with the fact that we use a quite dissipative substrate (the velvet cloth). It would be interesting to see if this result still holds with a harder, rough boundary (as, for example, in Refs. [33, 34] ). In the second part, we have studied transversally homogeneous solitary waves propagating on an erodible substrate which is the jammed layer at rest at the stopping height. We investigated in detail the selection mechanism for the flowing mass and the avalanching velocity. We also show that the dynamics of the solitary wave can help to get insight into the dynamics of erosion and deposition processes very close to the jamming onset.
